Introduction {#Sec1}
============

Sullivan's No Wandering Domains Theorem \[[@CR10]\] states that every Fatou component of a rational function $\documentclass[12pt]{minimal}
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                \begin{document}$$f:\hat{\mathbb C} \rightarrow \hat{{\mathbb {C}}}$$\end{document}$ is either periodic or pre-periodic. It was recently shown in \[[@CR1]\] by Astorg et al. and the first author that Sullivan's theorem does not hold for polynomial maps in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {C}}^2$$\end{document}$. The maps constructed in \[[@CR1]\] are polynomial skew-products of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (z,w) \mapsto \bigl (f(z,w), g(w)\bigr ), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$f(z,w) = p(z) + q(w)$$\end{document}$ and both polynomials *p* and *g* have a parabolic fixed point at the origin. The wandering Fatou components are contained in the parabolic basin of *g*.

In the current project, we investigate whether polynomial skew-products can also have wandering domains in the basin of an attracting fixed point of *g*. Throughout the paper, we will assume that the first coordinate function *f* of the skew-product has the form $\documentclass[12pt]{minimal}
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                \begin{document}$$f(z,w) = z^d + a_{d-1}(w) z^{d-1} + \cdots + a_0(w)$$\end{document}$. Recall that in the paper on polynomial skew-products by Jonsson \[[@CR4]\], a polynomial skew-product is assumed to extend holomorphically to $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {P}}^2$$\end{document}$. We do not make this stronger assumption here. We will prove the following.

Theorem 1 {#FPar1}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F:(z,w)\mapsto (f(z,w),g(w))$$\end{document}$ be a polynomial skew-product and assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$0 = g(0)$$\end{document}$ is an attracting fixed point with corresponding basin $\documentclass[12pt]{minimal}
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                \begin{document}$$B_g$$\end{document}$. Further assume that the polynomial $\documentclass[12pt]{minimal}
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                \begin{document}$$p(z) = f(z,0)$$\end{document}$ is subhyperbolic. Then *F* has no wandering Fatou components contained in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {C}} \times B_g$$\end{document}$.

The notion of subhyperbolicity will be discussed later in this introduction. Due to the skew-product form of the polynomial map *F*, we may identify a Fatou component *U* of *g* with the open subset $\documentclass[12pt]{minimal}
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                \begin{document}$$({\mathbb {C}} \times U) \subset {\mathbb {C}}^2$$\end{document}$. For example, we may refer to $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {C}} \times B_g$$\end{document}$ as the attracting basin of the polynomial *g*.

Using this terminology, we note that any Fatou component of a skew-product *F* must be contained in a Fatou component of the polynomial *g*. Hence if *F* has a wandering Fatou component, then by Sullivan's Theorem *F* must have a wandering Fatou component that is contained in a periodic Fatou component of *g*. This periodic component must be either attracting, parabolic or a Siegel disk. As mentioned before, the existence of wandering domains in parabolic basins of *g* was shown in \[[@CR1]\]. In \[[@CR7]\], Lilov showed that there can be no wandering Fatou components in a super-attracting basin of *g*. In this work, we will focus on the geometrically attracting case.

Without loss of generality, we may assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$0 = g(0)$$\end{document}$ is an attracting fixed point. Note that if we can rule out the existence of wandering domains in a small neighborhood of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{w=0\}$$\end{document}$, then it follows that there are no wandering domains in the entire basin of attraction of 0. When working in a small neighborhood of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{w=0\}$$\end{document}$, we can change coordinates so that $\documentclass[12pt]{minimal}
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                \begin{document}$$g(w) = \lambda w$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$0< |\lambda | < 1$$\end{document}$. A consequence is that the coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$a_0, \ldots a_{d-1}$$\end{document}$ of *f* are generally no longer polynomials, but only depend holomorphically on *w*. This will not be an issue for us, and in fact our results hold for *g* holomorphic as well. For simplicity of notation, we will continue to assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$F(z,w) = (f(z,w) , \lambda w)$$\end{document}$ is a polynomial skew-product.

The geometrically attracting case was recently studied by Vivas and the first author in \[[@CR8]\]. In order to state results from that paper, let us first recall in greater detail what Lilov proved for the super-attracting case. Lilov first showed that every 1-dimensional Fatou component of $\documentclass[12pt]{minimal}
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                \begin{document}$$p(\cdot ) = f(\cdot ,0)$$\end{document}$ is contained in a Fatou component of *F*, which we will refer to as a *bulging* Fatou component of *p* (by slight abuse of language). Then, Lilov showed that the forward orbit of any nearby horizontal disk must intersect a bulging Fatou component of *p*. By horizontal disk, we mean a disk contained in a fiber $\documentclass[12pt]{minimal}
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                \begin{document}$$\{w = w_0\}$$\end{document}$, and by nearby we mean that $\documentclass[12pt]{minimal}
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                \begin{document}$$w_0$$\end{document}$ is contained in the basin of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{w = 0\}$$\end{document}$. The non-existence of wandering Fatou components in a super-attracting basin of *g* follows immediately.

The bulging of Fatou components holds in the geometrically attracting case as well. However, in \[[@CR8]\], explicit attracting polynomial skew-products were constructed for which there are nearby horizontal disks whose forward orbits avoid the bulging Fatou components of *p*. What we show in the current work is that in *most* fibers such disks cannot exist.

Proposition 2 {#FPar2}
-------------
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                \begin{document}$$\begin{aligned} F(z,w) = \bigl (f(z,w), \lambda w\bigr ) \end{aligned}$$\end{document}$$satisfying the conditions of Theorem [1](#FPar1){ref-type="sec"}, with $\documentclass[12pt]{minimal}
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                \begin{document}$$0<|\lambda |<1$$\end{document}$. Then there is a set $\documentclass[12pt]{minimal}
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                \begin{document}$$E \subset {\mathbb {C}}$$\end{document}$ of full Lebesgue measure, such that for every $\documentclass[12pt]{minimal}
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                \begin{document}$$w_0 \in E$$\end{document}$ the forward orbit of every disk in the fiber $\documentclass[12pt]{minimal}
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                \begin{document}$$\{w = w_0\}$$\end{document}$ must intersect a bulging Fatou component of *p*.

In particular the set *E* is dense, so Theorem [1](#FPar1){ref-type="sec"} follows immediately. Another stronger corollary is that the only Fatou components of *F* are the bulging Fatou components of *p*. This follows immediately from the fact that the topological degree of *F* equals the degree of *p*, and hence the only Fatou components that can be mapped onto the bulging Fatou components of *p* are those bulging Fatou components.

The skew-products constructed in \[[@CR8]\] are of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F(z,w) = \bigl (p(z) + q(w), \lambda w\bigr ), \end{aligned}$$\end{document}$$where *p* has only a single critical point which lies in the Julia set and is pre-periodic. Hence the maps from \[[@CR8]\] satisfy the conditions in Theorem [1](#FPar1){ref-type="sec"}.

Let us emphasize here that the proof of Sullivan's No Wandering Domains Theorem relies in an essential way on the Mapping Theorem for quasiconformal maps. There is no known analogue for the Mapping theorem that can be used to prove the non-existence of wandering domains in higher dimensions. In light of the construction of wandering domains in \[[@CR1]\], it seems unlikely that this line of argument can be used even for polynomial skew-products. For general one-dimensional polynomial or rational functions, there is no alternative for the use of quasiconformal deformations to prove the non-existence of wandering domains.

However, under additional assumptions on the post-critical set, there do exist alternative proofs. The easiest class is given by the hyperbolic polynomials, for which the forward orbits of all critical points stay bounded away from the Julia set. In this case, a sufficiently large iterate of the map is expanding on the Julia set, which immediately implies the non-existence of wandering Fatou components. It was pointed out by Lilov \[[@CR7]\] that an attracting or super-attracting skew-product acting hyperbolically on the invariant fiber has no wandering Fatou components. In this article, we consider skew-products satisfying a weaker assumption, namely that the polynomial acting on the invariant fiber is subhyperbolic.

In the subhyperbolic case, sometimes referred to as Misiurewicz, the polynomial is assumed to have no parabolic periodic points, and the critical points that lie on the Julia set are pre-periodic. In fact, these assumptions can be taken as the definition of subhyperbolicity, an alternative definition being that the polynomial is expanding with respect to a so-called admissible metric.

Let us recall a classical argument due to Fatou to show that a subhyperbolic polynomial *p* does not have wandering Fatou components. Imagine that it does, and let *K* be a compact subset of such a wandering Fatou component. Then for some subsequence $\documentclass[12pt]{minimal}
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                \begin{document}$$f^{n_j}(K)$$\end{document}$ must converge to a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \mathcal {J}_p$$\end{document}$ that does not lie in the post-critical set. Let *U* be a disk centered at *x* that does not intersect the post-critical set. Then on *U* all inverse branches of every iterate $\documentclass[12pt]{minimal}
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                \begin{document}$$p^n$$\end{document}$ are conformal, and necessarily map *U* inside the disk of radius *R*, the escape radius. It follows that as the Poincaré diameter of $\documentclass[12pt]{minimal}
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                \begin{document}$$f^{n_j}(K)$$\end{document}$ in *U* converges to 0, the Poincaré diameter of *K* in $\documentclass[12pt]{minimal}
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                \begin{document}$$D_0(R)$$\end{document}$ must also converge to 0, which gives a contradiction.

We will follow the same line of argument in this paper, the main difference being that instead of having no critical points enter the disk *U*, we obtain sub-linear estimates on the degree of the inverse branches. This will turn out to be sufficient to conclude the non-existence of wandering domains.

The outline of the proof of Proposition [2](#FPar2){ref-type="sec"} is discussed in the next section. The details are covered in Sects. [3](#Sec3){ref-type="sec"}--[7](#Sec9){ref-type="sec"}. In Sect. [4](#Sec4){ref-type="sec"}, we discuss the proof under stronger assumptions, close to the assumptions used in \[[@CR8]\], in which case a much shorter argument is obtained.

Outline and Background {#Sec2}
======================

Throughout the rest of this paper, we work with a map$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F(z,w)=\bigl (f(z,w),\lambda w\bigr ), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$F^n$$\end{document}$ for the *n*th iterate of *F*, and we will use the convenient notation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F^n(z,w) = \bigl (F^n_1(z,w), F^n_2(z,w)\bigr ). \end{aligned}$$\end{document}$$We assume that the polynomial *p* is subhyperbolic. A consequence is that the Fatou set consists of a finite collection of attracting basins, and that the orbit of each critical point in the Fatou set converges to one of the attracting cycles. Every critical point in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {J}_p$$\end{document}$ is eventually mapped onto a repelling periodic point. Passing to some iterate of *F* and *p*, we may assume that all our critical points in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {J}_p$$\end{document}$ are not just pre-periodic, but will eventually be mapped onto repelling fixed points.

A subhyperbolic polynomial is in particular also *semi-hyperbolic*. Recall that a polynomial *p* is called semi-hyperbolic if the Julia set does not contain parabolic periodic points or recurrent critical points. It is an interesting question whether the methods introduced in this article can be used to prove Theorem [1](#FPar1){ref-type="sec"} under the more general assumption that *p* is semi-hyperbolic.

The main idea in the proof of Proposition [2](#FPar2){ref-type="sec"} is that the fibers $\documentclass[12pt]{minimal}
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                \begin{document}$$\{w = w_0\}$$\end{document}$ in *E* are chosen such that the critical points in the fibers $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |z|> R \; \; \hbox {implies that} \; \; |p(z)| > 2|z|. \end{aligned}$$\end{document}$$For each attracting periodic point *y* of *p*, fix an open neighborhood $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W_0=\{|z|>R\} \cup \bigcup _{y}W_y, \end{aligned}$$\end{document}$$where we take the union over all attracting periodic points $\documentclass[12pt]{minimal}
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                \begin{document}$$y \in {\mathbb {C}}$$\end{document}$.

Since *p* has only finitely many attracting periodic orbits, we can find $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W:=W_0 \times D(0,\epsilon )\subseteq \mathbb {C}^2 \end{aligned}$$\end{document}$$satisfies $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar3}
-------
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The bound on the number of critical points provided by Proposition [15](#FPar22){ref-type="sec"} gives us degree estimates for some proper holomorphic maps between hyperbolic Riemann surfaces, which in turn can be used to obtain area-estimates, using the following proposition, which will be proved in Sect. [7](#Sec9){ref-type="sec"}.

**Proposition** [28](#FPar44){ref-type="sec"}. *There exists a uniform constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_3>0$$\end{document}$ *such that the following holds: Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:{\mathbb {D}} \rightarrow {\mathbb {D}}$$\end{document}$ *be a proper holomorphic map of degree* *d*, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R \subseteq \mathbb {D}$$\end{document}$ *have Poincaré area* *A*. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\cdot A^{1/2d}<1/8$$\end{document}$, *then the Poincaré area of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^{-1}(R)$$\end{document}$ *will be at most* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_3 d^3 A^{1/d}$$\end{document}$.

With these ingredients we are ready to prove our main results.

Proof of Proposition 2 {#FPar4}
----------------------
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In Sect. [5](#Sec5){ref-type="sec"}, we get back to the general case and prove Proposition [10](#FPar15){ref-type="sec"}. This estimate will be used to prove Proposition [15](#FPar22){ref-type="sec"} in the next section. And finally, we prove Proposition [28](#FPar44){ref-type="sec"} in Sect. [7](#Sec9){ref-type="sec"}.
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Let *V* be an irreducible analytic variety through the origin. We can locally write *V* as$$\documentclass[12pt]{minimal}
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Remark 4 {#FPar5}
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Proposition 5 {#FPar6}
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Proof {#FPar7}
-----
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Lemma 6 {#FPar8}
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Proof {#FPar9}
-----
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We continue the proof of Proposition [5](#FPar6){ref-type="sec"}. Use the notation$$\documentclass[12pt]{minimal}
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We start with the trivial equation$$\documentclass[12pt]{minimal}
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Remark 7 {#FPar10}
--------
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The Resonant Case {#Sec4}
=================

In this section, we consider the special resonant case, which was also studied by Vivas and the first author in \[[@CR8]\]. In this case, it is considerably easier to prove the non-existence of wandering domains, and we will obtain a more precise description of the critical orbits. Although the results in this section are not used in the proofs of Proposition [2](#FPar2){ref-type="sec"} and Theorem [1](#FPar1){ref-type="sec"}, they did serve as an inspiration.
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Proof {#FPar13}
-----
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Proof of Proposition 8 {#FPar14}
----------------------
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Semi-Hyperbolic Polynomials and Sublevel Sets {#Sec5}
=============================================

Let *p* be a semi-hyperbolic polynomial, with Fatou set$$\documentclass[12pt]{minimal}
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Proposition 10 {#FPar15}
--------------
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We note that this proposition certainly does not hold for any polynomial; for example, it does not hold for the polynomial $\documentclass[12pt]{minimal}
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First of all, the semi-hyperbolicity of *p* allows us to use Theorem 2.1 in \[[@CR2]\]:

Theorem 11 {#FPar16}
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Forcing Escape of Critical Points {#Sec6}
=================================
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A consequence is the main result of this section.
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All Critical Points Escape Slowly {#Sec7}
---------------------------------
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### Lemma 17 {#FPar26}
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Combining Corollary [19](#FPar29){ref-type="sec"} with Lemma [20](#FPar30){ref-type="sec"} allows us to prove the slow escape of the points in the critical variety *K*:
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Most Critical Points Escape Quickly {#Sec8}
-----------------------------------

Proposition [21](#FPar32){ref-type="sec"} and its proof showed that for each $\documentclass[12pt]{minimal}
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### Lemma 23 {#FPar35}
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See for example Sect. 4.3 in \[[@CR3]\].
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We can now prove the following proposition:

### Proposition 24 {#FPar36}
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### Proof of Proposition 14 {#FPar40}
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Hyperbolic Areas of Inverse Images {#Sec9}
==================================

Only Proposition [28](#FPar44){ref-type="sec"} remains to be shown. First recall the following similar result from \[[@CR9]\].
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Our goal is to prove a similar estimate regarding hyperbolic areas rather than diameters. Our strategy will be to remove small neighborhoods of critical points, and prove that the area of the inverse image outside of these neighborhoods must be small. We first give an estimate on the proximity of a critical point for points with small derivatives.
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Proof {#FPar43}
-----
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